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About

Think Bayes
Treat weights as distributions

Choose optimization metrics

Derive optimization problem

Choose optimizer
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Problem

Notations

Consider we have N independent observations D = x1:N

We also have k latent variables θ = (θ1, . . . , θK )

And of course we have some probability model that depends on θ and it relates our D and
θ with likelihood p(D|θ)
According to bayesian approach we posit a prior p(θ) on θ so we have
p(D, θ) = p(D|θ)p(θ)
We are looking for p(θ|D) like true bayesians
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Inference Step 0

Model

We need a differentiable probability model that has continuous θ1, . . . , θK

Then we should be able take gradients ∇θ log p(D, θ) over supp(p(θ))1

When we have such model we can start our further investigations and state the optimization
problem

1supp(p(θ)) = {θ|θ ∈ RK and p(θ) > 0} ⊆ RK
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Inference Step 0

Objective

We need

p(θ|D) =
p(D|θ)p(θ)∫
p(D|θ)p(θ)dθ

As it is often hard to deriver p(θ|D) but we can use an approximation q(θ|ψ). Common
objective used for that kind of problem is simplified KL-Divergence

KL(q||p) =Eq(θ|ψ)

[
log

q(θ|ψ)
p(θ|D)

]
=

Eq(θ|ψ) [log q(θ|ψ)]− Eq(θ|ψ) [log p(θ|D)] =

Eq(θ|ψ) [log q(θ|ψ)]− Eq(θ|ψ)

[
log

p(D, θ)
p(D)

]
=

Eq(θ|ψ) [log q(θ|ψ)]− Eq(θ|ψ) [log p(D, θ)]︸ ︷︷ ︸
need to minimize(called variation free energy)

+Eq(θ|ψ) [log p(D)]︸ ︷︷ ︸
const
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Inference Step 1

Transformation T

So we have our ELBO = L = Eq(θ|ψ) [log p(D, θ)]− Eq(θ|ψ) [log q(θ|ψ)] → max
ψ

.

There is one important constraint on q(θ|ψ)

supp(q(θ|ψ)) ⊆ supp(p(θ|D)) or supp(p(θ))

It is about out prior knowledge about θ, we want our beliefs and what we get to have no
conflicts The solution is pretty simple:

T : supp(p(θ)) → RK

Applying it to θ we have ζ = T (θ) and

g(D, ζ) = p(D,T−1(ζ)) |det JT−1(ζ)|

Why not approximating in new coordinate space where all is pretty good?
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Inference Step 2

Gaussian Approximation

We define approximation family in real coordinate space as diagonal Gaussian. It’s easy to
work with.

q(ζ|ψ) = N (ζ|µ, diag(σ2)) =
K∏

k=1

N (ζk |µk , σ2k)

Recall our objective

L = Eq(θ|ψ) [log q(θ|ψ)]− Eq(θ|ψ) [log p(D, θ)]
With some transformations it is now

L = Eq(ζ|ψ) [log p(D, ζ) |det JT−1(ζ)|]− Eq(ζ|ψ) [log q(ζ|ψ) |det JT−1(ζ)|]
We can’t easily take gradients until expectation depends on ψ, so we use reparametrization
trick

ζ = µ+ exp(ω) · η where ω = log(σ), η ∼ N (η|0, I)
Call Sµ,ω : ζ → η
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Inference Step 3

Optimization

Figure: How it works

Finally

L =EN (η|0,I)
[
log p(D,S−1

µ,ω(η))
∣∣det JT−1(S−1

µ,ω(η))
∣∣]−

EN (η|0,I)
[
log q(S−1

µ,ω(η)|µ, ω)
∣∣det JT−1(S−1

µ,ω(η))
∣∣] → max

µ,ω
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Inference Step 3

Algorithm
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Inference Step 3

Toy neural network example (2x5x5x1)
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Inference Step 3

Linear Regression(Boston dataset)

y ∼ RM + LSTAT + INDUS + NOX + ZN + DIS

. . .
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